Abstract. We will introduce a family Γ β , 1 < β ∈ R of infinite non-amenable discrete groups as an interpolation of the Higman-Thompson groups Vn, 1 < n ∈ N by using the topological full groups of the groupoids defined by β-expansions of real numbers. They are regarded as full groups of certain interpolated Cuntz algebras. The groups Γ β , 1 < β ∈ R are realized as groups of piecewise linear functions on [0, 1] if the β-expansion of 1 is finite or ultimately periodic. We also classify the groups Γ β , 1 < β ∈ R by the number theoretical property of β.
Introduction
The class of finitely presented non-abelian infinite groups is one of the most interesting and important classes of infinite groups from the viewpoints of not only group theory but also geometry and topology. The study of finitely presented simple infinite groups has begun with Richard J. Thompson in 1960's. He has discovered first two such groups in [30] . They are now known as the groups V 2 and T 2 . G. Higman and K. S. Brown have generalized his examples to infinite family of finitely presented infinite groups. One of such family is the groups written V n , 1 < n ∈ N which are called the Higman-Thompson groups. They are all finitely presented and their commutator subgroups are all simple. Their abelianizations are trivial if n is even, and Z 2 if n is odd. The Higman-Thompson group V n is represented as the group of right continuous piecewise linear functions f : [0, 1) −→ [0, 1) having finitely many singularities such that all singularities of f are in Z[ 1 n ], the derivative of f at any non-singular point is n k for some k ∈ Z and f (Z[ [30] ). V. Nekrashevych [23] has shown that the Higman-Thompson group V n appears as a certain subgroup of the unitary group of the Cuntz algebra O n of order n. The subgroup of the unitary group of O n is the continuous full group Γ n of O n , which is also called the topological full group of the associated groupoid (see also [22, Remark 6.3] ). Recently the authors have independently studied full groups of the Cuntz-Krieger algebras and full groups of the groupoids coming from shifts of finite type. The first named author has studied the normalizer groups of the Cuntz-Krieger algebras which are called the continuous full groups from the view point of orbit equivalences of topological Markov shifts and C * -algebras ( [15] , [16] , etc.). He has proved that the continuous full groups are complete invariants for the continuous orbit equivalence classes of the underlying topological Markov shifts. The second named author has studied the continuous full groups of more generalétale groupoids ( [20] , [21] , [22] , etc.). He has called them the topological full groups ofétale groupoids. He has proved that if anétale groupoid is minimal, the topological full group of the groupoid is a complete invariant for the isomorphism 1 class of the groupoid. He has also shown that if a groupoid comes from a shift of finite type, the topological full group is of type F ∞ and in particular finitely presented. He has furthermore obtained that the topological full groups for shifts of finite type are simple if and only if the homology group H 0 (G) of the groupoid G is 2-divisible. Hence we know an infinite family of finitely presented infinite simple groups coming from symbolic dynamics. V. Nekrashevych's paper [23] says that the Higman-Thompson groups appear as the topological full groups of the groupoids of the full shifts and as the continuous full groups of the Cuntz algebras. In [12] , a family of C * -algebas O β , 1 < β ∈ R has been introduced. It arises from a family of certain subshifts called the β-shifts which are the symbolic dynamics defined by the β-transformations on the unit interval [0, 1] . The family of the β-shifts is an interpolation of the full shifts. Hence the C * -algebras O β , 1 < β ∈ R are considered as interpolation of the Cuntz algebras O N , 1 < N ∈ N.
In the present paper, we will introduce a family Γ β , 1 < β ∈ R of infinite discrete groups as an interpolation of the Higman-Thompson groups V n , 1 < n ∈ N such that Γ n = V n , 1 < n ∈ N. The groups Γ β , 1 < β ∈ R are defined as the continuous full groups of the C * -algebras O β , 1 < β ∈ R. They are also considered as the topological full groups of theétale groupoids G β for the β-shifts. We will first study the groupoid G β and show that the groupoid G β for each 1 < β ∈ R is an essentially principal, purely infinite, minimalétale groupoid. The homology groups H i (G β ) are computed as
We will show that Theorem 1.1 (Theorem 3.5). Let 1 < β ∈ R be a real number. Then the group Γ β is a countably infinite discrete non-amenable group such that its commutater subgroup D(Γ β ) is simple.
For a real number β > 1, let us denote by d(1, β) = ξ 1 ξ 2 ξ 3 · · · the β-adic expansion of 1 which means ξ i ∈ Z, 0 ≤ ξ i ≤ [β] and
The expansion d(1, β) is said to be finite if there exists k ∈ N such that ξ m = 0 for all m > k. If there exists l ≤ k such that
the expansin d(1, β) is said to be ultimately periodic and written
It is well-known that the Higman-Thompson group V n , n ∈ N is represented as the group of right continuous piecewise linear functions f : [0, 1) −→ [0, 1) having finitely many singularities such that all singularities of f are in Z[
1 n ], the derivative of f at any non-singular point is n k for some k ∈ Z and f (Z[
. We will introduce a notion of β-adic PL functions on the interval [0, 1], and show the following. It is well-known that d(1, β) is finite if and only if the β-shift (X β , σ) is a shift of finite type, and d(1, β) is ultimately periodic if and only if the β-shift (X β , σ) is a sofic shift. If β =
1+
√ 5 2 , the number is the positive solution of the quadratic equation β 2 = β + 1 so that the β-expansion is finite d(1, β) = 110000 · · · . We will classify the interpolated Higman-Thompson groups Γ β , 1 < β ∈ R in the number theoretical property of β and the dynamical property of the β-shift (X β , σ) in the following way. Theorem 1.3 (Theorem 7.2, Theorem 7.10 and Theorem 7.11). Let 1 < β ∈ R be a real number and d(1, β) = ξ 1 ξ 2 ξ 3 · · · be the β expansion of 1.
(
to any of the Higman-Thompson group V n , n ∈ N.
Preliminaries of the
We fix an arbitrary real number β > 1 unless we specify. Take a natural number N with N − 1 < β ≤ N . Put Σ = {0, 1, ..., N − 1}. For a non-negative real number t, we denote by [t] the integer part of t. Let f β : [0, 1] → [0, 1] be the funtion defined by
The β-expansion of x ∈ [0, 1] is a sequence {d n (x, β)} n∈N of integers of Σ determined by
, n ∈ N (cf. [25] , [28] ).
The numbers d n (x, β) will be denoted by d n (x) for simplicity. By this sequence, we can write x as
We endow the infinite product Σ N with the product topology and the lexicographical order from the leftmost letter
} with respect to the lexicographical order in Σ N which is defined by
Define the σ-invariant compact subset X β of Σ N by for x ∈ A β , j = 0, 1, . . . , N − 1. Then the C * -algebra O β has a universal property subject to the relations:
For t ∈ R/Z = T the correspondence S j −→ e 2π √ −1t S j , j = 0, 1, . . . , N −1 yields an automorphism of O β which gives rise to an action on O β of T called the gauge action writtenρ. The gauge action has a unique KMS-state denoted by ϕ on O β at inverse temperature log β. For the projections a ξ1···ξn = S * ξ1···ξn S ξ1···ξn ∈ A β , n = 1, 2, . . . , the values ϕ(a ξ1···ξn ) are computed as
is of the form E l i = a ξ1···ξp i − a ξ1···ξq i for some p i , q i = 0, 1, . . . . The projections a ξ1···ξn , n ∈ Z + are totally ordered by the value ϕ(a ξ1···ξn ). We order
Some basic subclasses of β-shifts are characterized in terms of the β-expansion d(1, β) of 1 and the projections a ξ1···ξn in the following way. (i) (X β , σ) is a shift of finite type.
We call (X β , σ) an SFT β-shift if (X β , σ) is a shift of finite type. 
We call (X β , σ) a sofic β-shift if (X β , σ) is a sofic shift. The K-groups of the C * -algebra O β have been computed in the following way.
Lemma 2.3 ([12]
).
The position [1] of the unit of O β in K 0 (O β ) corresponds to the class [1] of 1 ∈ Z in the first two cases, and to 1 ∈ Z in the third case, and
for any β > 1.
Topological full groups of the groupoid G β
The C * -algebra O β , 1 < β ∈ R has been originally constructed as the C * -algebra associated with subshift (X β , σ), 1 < β ∈ R. It is regarded as the C * -algebra C * r (G β ) of a certain essentially principalétale groupoid G β as in [14] . Denote by G 
For anétale groupoid G we let G (0) denote the unit space of G and let s and r denote the source map and range map. For
, G is said to be minimal ( [22] , [26] ).
Lemma 3.1. For 1 < β ∈ R, the groupoid G β is an essentially principal, minimal groupoid.
As the algebra F β is simple ([12, Proposition 3.5]), the groupoid H β is minimal so that G β is minimal.
A subset U ⊂ G is called a G-set if r| U , s| U are injective. The homeomorphism r • (s| U ) −1 from s(U ) to r(U ) is denoted by π U . Following [22] , G is said to be purely infinite if for every clopen set
Lemma 3.2. For 1 < β ∈ R, the groupoid G β is purely infinite.
Proof. As the C * -algebra D β is isomorphic to the algebra C(G β may be considered as a finite sum of the form
There exists γ = (γ 1 , . . . , γ r ) ∈ B * (X β ) such that
Put the words 
. By (3.1), (3.2), we have a µγζ1 ≥ S * γζ1 a ξ1···ξp i S γζ1 = a ξ1···ξp i γζ1 = 1 so that a µγζ1 = 1 and similarly a µγζ2 = 1. We set
. This implies U U * ≤ P and similarly
Therefore we have Proposition 3.3. For 1 < β ∈ R, the groupoid G β is an essentially principal, purely infinite, minimalétale groupoid.
We will next compute the homology groups H i (G β ) for theétale groupoid G β . The homology theory forétale groupoids has been studied in [6] . In [20] , the homology groups H i for the groupoids coming from shifts of finite type have been computed such that the groups H i are isomorphic to the K-groups K i of the associated Cuntz-Krieger algebra for i = 0, 1, and H i = 0 for i ≥ 2. By following the argument of the proof of [20, Theorem 4.14], we have Proposition 3.4. For each 1 < β ∈ R, the homology groups H i (G β ) are computed as
Proof. For each 1 < β ∈ R, the map ρ β : (x, n, y) ∈ G β −→ n ∈ Z gives rise to a groupoid homomorphism such that the skew product G β × ρ β Z is homologically similar to the AF-groupoid H β (cf. [20, Lemma 4.13] ). We know that the groupoid
is stably isomorphic to the crossed product O β ×ρ T of O β by the gauge action, which is stably isomorphic to the AF-algebra C In [20] , the notion of topological full groups forétale groupoids has been introduced. We will study the topological full groups of the groupoid G β for the β-shift (X β , σ). 
Consider the full n-shift (X n , σ) and its groupoid G n (cf. [22] , [26] ). The groupoid C * -algebra C * r (G n ) is isomorphic to the Cuntz algebra O n of order n. V. Nekrashevych [23] has shown that the Higman-Thompson group V n is identified with a certain subgroup of the unitary group of O n . The identification gives rise to an isomorphism between the Higman-Thompson group V n and the topological full group Γ n (see also [22, Remark 6.3] ). Hence our groups Γ β , 1 < β ∈ R are considered as interpolation of the Higman-Thompson group V n , 1 < n ∈ N. It is well-known that the groups V n , 1 < n ∈ N are non-amenable and its commutator subgroups D(V n ) are all simple. Proposition 3.3 says that the groupoid G β is an essentially principal, purely infinite, minimal groupoid for every 1 < β ∈ R. By [22, Proposition 4.10] and [22, Theorem 4.16], we have a following generalization of the above fact for V n , 1 < n ∈ N. Theorem 3.5. Let 1 < β ∈ R be a real number. Then the group Γ β is countably infinite discrete non-amenable group such that its commutater subgroup D(Γ β ) is simple.
The Higman-Thompson group V n , 1 < n ∈ N is represented as the group of right continuous piecewise linear bijective functions f : [0, 1) −→ [0, 1) having finitely many singularities such that all singularities of f are in Z[ 1 n ], the derivative of f at any non-singular point is n k for some k ∈ Z and f (Z[ 
Consider the functions g 0 , g 1 , . . . , g N −1 defined by
They satisfy the following:
For a measurable subset U of [0, 1], denote by χ U the multiplication operator on H of the characteristic function of U . Define the bounded linear operators
For the function g N −1 on [0, β 1 ] define the operator T gN−1 by
The followings are straightforward:
We define the operators s i , i = 0, . . . , N − 1 on H by setting
By the above lemma, we have 
and hence
The natural ordering of Σ = {0, 1, . . . , N −1} induces the lexicographical order on B * (X β ), which means that for µ = (µ 1 , . . . , µ n ) ∈ B n (X β ) and ν = (ν 1 , . . . , ν m ) ∈ B m (X β ), the order µ ≺ ν is defined if µ 1 < ν 1 or µ i = ν i for i = 1, . . . , k − 1 for some k ≤ m, n and µ k < ν k . For a word µ = (µ 1 , . . . , µ n ) ∈ B n (X β ), denote bỹ µ = (μ 1 , . . . ,μ n ) ∈ B n (X β ), the least word in B n (X β ) satisfying (µ 1 , . . . , µ n ) ≺ (μ 1 , . . . ,μ n ). If µ = (µ 1 , . . . , µ n ) is maximal in B n (X β ), we setμ = ∅. We will use the following notations for µ = (µ 1 , . . . , µ n ) ∈ B n (X β ),
Proof. For n = 1, the equality (4.6) holds by the above proposition. Suppose that the equality (4.6) holds for a fixed n = k. It then follows that for j = 0, . . . , N − 1 and ξ, η ∈ H,
we have
.
Since the word (j,μ 1 , . . . ,μ k ) is the minimal word in B k+1 (X β ) satisfying (j, µ 1 , . . . , µ k ) ≺ (j,μ 1 , . . . ,μ k ), the desired equality holds for k + 1 and j = 0, . . . , N − 2. For j = N − 1, we may similarly show the equality (4.6).
The following lemma is straightforward.
We then have
Proof. The equality (4.8) holds for n = 1. Suppose that the equality (4.8) holds for n = k. It then follows that
the equality (4.8) holds for n = k + 1. 
Proof. We have
Since ββ n − j = β n+1 + ξ n+1 − j, we have
If ξ n+1 = j, the equality s *
Therefore we have 
hold by the previous lemma. Since the C * -algebra O β has the universal property subject to the relation (4.10) (cf. [14] ), there exists a surjective * -homomorphism π from O β to C * (s 0 , s 1 , . . . , s N −1 ) such thatπ(S j ) = s j , j = 0, 1, . . . , N − 1 and π(x) = π(x), x ∈ A β . As the C * -algebra O β is simple, the * -homomorphismπ is actually an isomorphism.
In what follows, we may identify the C * -algebra O β with the C * -algebra C * (s 0 , s 1 , . . . , s N −1 ) through the identification of the generating partial isometries S j and s j , j = 0, 1, . . . , N − 1.
PL functions for SFT β-shifts
In this section, we will realize the group Γ β for an SFT β-shift as PL functions on [0, 1). For a word µ = (µ 1 , . . . , µ n ) ∈ B n (X β ), denote by U µ ⊂ X β the cylinder set
We put
the set of followers of µ. Recall that ϕ stands for the unique KMS state for the gauge action on the C * -algebra O β . We note that the value ϕ(a µ1···µn ) is computed inductively in the following way. For n = 1, we see
Suppose that the value ϕ(a µ1···µ k ) is computed for all
Since |(µ k+1 , . . . , µ n )| < n, the value ϕ(a µ k+1 ···µn ) is computed. Therefore the value ϕ(a µ1···µn ) is computed for all (µ 1 , . . . , µ n ) ∈ B n (X β ). The following lemma is clear from Lemma 4.5 and (5.1). Recall that for a word ν = (ν 1 , . . . , ν n ) ∈ B n (X β ), the notations
β n are introduced in Section 4 whereν = (ν 1 , . . . ,ν n ) is the smallest word in B n (X β ) satisfying ν ≺ν. If ν is the maximum word in B n (X β ), we set r(ν) = 1. The following two lemmas are crucial. We note that the above lemma holds for any real number β > 1 even if (X β , σ) is not a shift of finite type.
Hence there exists a family of cylinder sets U ν(1) , . . . , U ν(m) , U µ(1) , . . . , U µ(m) such that
, we will introduce a notation of tables in order to represent elements of Γ β . Definition. A β-adic table for SFT β-shift is a matrix
We may assume that ν(1) ≺ ν(2) ≺ · · · ≺ ν(m). Since the above two conditions Lemma 5.3 , the matrix
is a β-adic table for SFT β-shift.
Definition.
is said to be a β-adic interval for word ν ∈ B * (X β ) if x 1 = l(ν) and x 2 = r(ν). 
there exists a β-adic pattern of squares whose rectangle slopes are (2) 
Define the permutation σ := σ −1 0 on {1, 2, . . . , m}. We note that r(ν(i)) = l(ν(i + 1)), r(µ(σ 0 (i))) = l(µ(σ 0 (i + 1))) for i = 1, . . . , m − 1. Then the rectangles I p × J σ(p) , p = 1, 2, . . . , m are β-adic rectangles such that We may directly construct a β-adic PL function f T from a β-adic
It is straightforward to see that the composition of two β-adic PL functions is also a β-adic PL function. Hence the set of β-adic PL functions forms a group under compositions. We reach the following:
Theorem 5.7. The topological full group Γ β for a SFT β-shift (X β , σ) is realized as the group of all β-adic PL functions for SFT β-shift.
PL functions for sofic β-shifts
In this section, we will represent the topological full group Γ β for sofic β-shifts as piecewise linear functions on [0, 1). Througout this section, we assume that (X β , σ) is sofic. By Lemma 2.2, the algebra A β is finite dimensional. We set K β = dimA β . Let E 1 , . . . , E K β be the minimal projections of A β so that
We order E 1 , . . . , E K β following the order ϕ(a ξ1···ξp 1 ) < · · · < ϕ(a ξ1···ξp K β ) in R, where ϕ is the unique KMS-state on O β for the gauge action. Recall thatρ t ∈ Aut(O β ), t ∈ R/Z denotes the gauge action on O β , and
It is straightforward to see the following lemma.
Lemma 6.1. The operators v µ , v −µ for µ ∈ B n (X β ) and v 0 are partial isometries in F β such that v is decomposed as a following finite sum:
Both of them are finite sets. For µ ∈ supp + (v), there exists k
. There exists k 0 ∈ Z + such that v 0 ∈ F k0 β . We then have Lemma 6.2. Keep the above notations.
′ so that there uniquely exists ξ ∈ B k+(µ) (X β ) such that a ξ,η a * ξ,η E i = E i for the word η and i. By the identity
(ii),(iii) are similar to (i). 
Therefore we have
and define
The following lemma is obvious.
Lemma 6.5. Assume that the generating partial isometries
Note that under the condition
Lemma 6.6. Keep the above notations.
Definition. A β-adic table for sofic β-shift is a matrix
We may assume that
Therefore we have Lemma 6.7. For an element τ ∈ Γ β with its unitary Lemma 6.4 , the matrix
is a β-adic table for sofic β-shift.
is said to be a β-adic rectangle if both I, J are β-adic intervals for words 
there exists a β-adic pattern of squares for sofic β-shift whose rectangle slopes are (2) We may directly construct a β-adic PL function f T for sofic β-shift from a β-adic table for sofic β-shift T =
It is straightforward to see that the composition of two β-adic PL functions for sofic β-shift is also a β-adic PL function for sofic β-shift. Hence the set of β-adic PL functions for sofic β-shift forms a group under compositions. We reach the following: Theorem 6.10. The topological full group Γ β for a sofic β-shift (X β , σ) is realized as the group of all β-adic PL functions for sofic β-shift.
Classification of the topological ful groups Γ β
In this section we will classify the groups Γ β for SFT β-shifts and sofic β-shifts. We will first classify Γ β for SFT β-shifts.
1. SFT case: 
. . . 
Proof. It is direct to see that the operators T 1 , T 2 , . . . , T η1+η2+···+ηn are all isometries. We then have
Hence the C 
so that
Denote by η 0 the empty word. The following set W β of the words
are all admissible words of X β . By cutting a word in the subwords begining with η 1 , one easily sees that any admissible word of X β is decomposed into a product of some of words of the following set
Hence any word of W β is a product of some of words of C β . This implies that the operators
are products of some of T 1 , T 2 , . . . , T η1+η2+···+ηn . Therefore S η1 is written as a product of
The above proposition implies that the SFT β-shift (X β , σ) is continuously orbit equivalent to the full (η 1 + η 2 + · · · + η n )-shift (X η1+η2+···+ηn , σ) ( [15] , [20] , [27] ). Therefore we have Theorem 7.2. If the β-expansion of 1 is finite such that
then the group Γ β is isomorphic to the Higman-Thompson group V η1+η2+···+ηn . Proof. The implication (iii) =⇒ (ii) is trivial, and its converse (ii) =⇒ (iii) is wellknown ( [7] , [8] ). Assume that the groups Γ β and Γ β ′ are isomorphic. By [18] or more generally [22] , the C * -algebras C * r (G β ) and C * r (G β ′ ) of the groupoids G β and G β ′ associated to their respective shifts (X β , σ) and (X β ′ , σ) of finite type are isomorphic. Since C * r (G β ) = O β and C * r (G β ′ ) = O β ′ , Proposition 7.1 implies (ii), so that the implication (i) =⇒ (ii) holds. The implication (iii) =⇒ (i) is a direct consequence of the above theorem.
Sofic case:
Assume that the β-shift X β is sofic. Put
Hece A k β = A k β +1 = · · · = A β and dimA β = K β . There exists l ∈ N with 0 < l ≤ k β such that a ξ1···ξK β = a ξ1···ξ l and hence d(1, β) = ξ 1 · · · ξ lξl+1 · · ·ξ K β . (7.1)
Let E 1 , . . . , E K β be the minimal projections of A β as in the preceding section so that
Define a labeled graph G β over Σ = {0, 1, . . . , N −1} with vertex set {v 1 , v 2 , . . . , v K β } corresponding to the minimal projections E 1 , . . . , E K β in the following way. Define a labeled edge from v i to v j labeled α ∈ Σ if S * α E i S α ≥ E j . The underlying directed graph of the labeled graph G β is denoted by G β = (V β , E β ) with labeling map λ : E β −→ Σ. Let M β be the K β × K β symbolic matrix of G β and M β the K β × K β nonnegative matrix obtained from M β by putting all the symbols equal to 1. For an edge e ∈ E β , put a partial isometry s e = S λ(e) E t(e) in the C * -algebra O β , where λ(e) ∈ Σ denotes the letter of the label of e and t(e) ∈ {1, 2, . . . , K β } denotes the number of the terminal vertex v t(e) of e. Define the |E β | × |E β | matrix B β = [B β (e, f )] e,f ∈E β with entries in {0, 1} by B β (e, f ) = 1 if t(e) = s(f ), 0 if t(e) = s(f ).
We have the following lemma. Hence the C * -algebra C * (s e ; e ∈ E β ) generated by s e , e ∈ E β is isomorphic to the Cuntz-Krieger algebeta O B β .
Proof. We see the identities
For an edge e ∈ E β , denote by s(e) ∈ {1, 2, . . . , K β } the number of the source vertex v s(e) of e. The projection S * α E i S α is not zero if and only if there exists e ∈ E β such that α = λ(e) and i = s(e). Hence we have S * α E i S α = e∈E β , α=λ(e),i=s(e) E t(e) so that
e∈E β , α=λ(e),i=s(e)
S α E t(e) S * α = e∈E β s e s * e .
For an edge e ∈ E β , we see that s * e s e = E t(e) S * λ(e) S λ(e) E t(e) = E t(e) 
Denote by D B β the canonical Cartan subalgebra of O B β which is a C * -subalgebra of O B β generated by projections s e1 · · · s en s * en · · · s * e1 , e 1 , . . . , e n ∈ E β . Lemma 7.5. We have
Proof.
Since s e = S λ(e) E t(e) , e ∈ E β , we have s e ∈ O β so that the inclusion O B β ⊂ O β is obvious. For α ∈ Σ = {0, 1, . . . , N −1}, i = 1, . . . , K β , we know that S α E i = 0 if and only if S * α S α ≥ E i , which is equivalent to the condition that there exists an edge e ∈ E β such that α = λ(e), i = t(e). For i = 1, . . . , K β , take e ∈ E β such that α = λ(e), i = t(e). We then have s * e s e = E t(e) = E i so that E i ∈ O B β . For α ∈ Σ, we have
S α E i = e∈E β ,α=λ(e) S λ(e) E t(e) = We will next show that D β = D B β . We have s e s
